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In the first part of the paper we show how to construct real cyclotomic fields with 
large class numbers. If the GRH holds then the class number h; of the pth real 
cyclotomic field satisfies hz > p for the prime p = 11290018777. If we allow n to be 
composite we have, unconditionally, that h,+ > n3” -’ for infinitely many n. In the 
second part of the paper we show that if I & 2 mod 4 and n is the product of 4 dis- 
tinct primes congruent to 1 mod I, then i/2 (1, if I is odd) divides the class number 
h,+ of the nth cyclotomic field. If the primes are congruent to I mod 41 then 21 
divides h: 0 1985 Academic Press, Inc 
This paper consists of two parts. In the first part we show how to obtain 
real cyclotomic fields with very large class numbers. Let h,f be the class 
number of Q(cos 271/n), which is the maximal real subfield of the nth 
cyclotomic field. Our main results are the following. 
THEOREM 1. If the Generalized Riemann Hypothesis (GRH) holds, then 
h; >p. 
for the prime p = 11290018777. 
THEOREM 2. Let c > 0. There are infinitely many n such that 
h+,n3/2-c 
n 
* Research partially supported by the Vaughn Foundation and a NATO Postdoctoral 
Fellowship. 
’ Research partially supported by NSF and a Sloan Fellowship. 
260 
0022-314X/85 $3.00 
Copyright 0 1985 by Academic Press, Inc. 
All nghfs of reproduction in any form reserved. 
CYCLOTOMIC FTELDS 261 
The first result answers in the negative (modulo GRH) a question of 
Masley as to whether or not hp’ < p for all p. The above show that, con- 
trary to what is commonly believed, class numbers of real cyclotomic fields 
can be quite large. 
For p Q 67 (157 if we assume GRH) we have hp’ = 1 (van der Linden 
[ 141). Kummer showed that 4 divides h&, so hL3 > 1 (GRH * h A3 = 4). 
More recently, the work of Ankeny, Chowla, and Hasse [ 1 ] showed how 
to use quadratic fields to obtain examples of h; > 1, but the corresponding 
estimates for h; are rather small (Hasse [5]). 
The above numerical evidence led people to believe that h; is small, 
perhaps, as Masley suggested, h,’ < p. If this were the case, then Vandiver’s 
conjecture that p / hz would follow. Thus Theorem 1 shows that Vandiver’s 
Conjecture cannot be true “trivially.” In fact, the theorem lends some (but 
not much) credence to the following heuristic argument against the conjec- 
ture. Assume p 1 hz with probability l/p. The expected number of excep- 
tions to Vandiver’s Conjecture for p < x would then be 
c f-log log ?I + 0.26. 
P < I 
The fact that no exceptions exist for p < 125000 cannot be considered 
significant since log log 125000 N 2.46 and most of this comes from the 
small primes, for which hl is to small to be random mod p. The above type 
of argument gives very accurate answers when applied to Bernoulli num- 
bers, which are very large (see, for example, [ 15, p. 621). It is not clear that 
hz can be large enough to be “random.” Theorem 1 shows that this is at 
least a possibility. However, the methods of Theorem 1 yield examples of 
h; >p only rarely, so it is still possible that h; < p for most p. 
We should point out that the methods of Theorems 1 and 2 will not yield 
counterexamples o Vandiver’s Conjecture, since we use sextic and quartic 
fields. For these, there is a natural factorization of the class number into 
factors corresponding to sublields, and each of these factors is less than p 
(Moser [9]). However, it would seem that quintic fields could have class 
numbers just as large as those attained by quartic or sextic fields. Since 
there is no canonical factorization of the class number in this case, some 
prime factor could possibly be as large as p. 
Finally we mention that the use of GRH in Theorem 1 is probably 
unnecessary. It was used to calculate a class number. It seems that a 
modification Williams’ methods [16] could be used to calculate it 
unconditionally. ’ 
’ This has now been done. See E. Seah, L. Washington, and H. Williams, Math. Comp. 41 
(1983), 303-305 
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The second half of the paper is motivated by the result of Masley that if 
II is divisible by four distinct primes then h, > 1, where h, is the class num- 
ber of a(<,,), the nth cyclotomic field [S]. Masley’s proof used the analytic 
class number formula. However, the result reminds one of the classical fact 
from genus theory that if n has at least three prime factors then Q(h) has 
class number bigger than 1. But classical genus theory for quadratic fields 
is of no help in the present case since the genus field for Q(h) is con- 
tained in &I([,), hence collapses when lifted to a([,). However, as we shall 
show, genus theory does suffice to prove Masley’s result, but it must be 
used with a quadratic field rather than Q as the base field. The method also 
yields some information about class groups of real cyclotomic fields and 
about factors of cyclotomic class numbers. For example, we prove the 
following. 
THEOREM 3. (a) Let t f 2 (mod 4). If n contains 4 distinct prime fac- 
tors congruent to 1 (mod I), then I (if l is odd) or l/2 (if I is even) diuides h,. 
(b) Let / be a positive integer. Ifn contains 4 distinct prime factors congruent 
to 1 (mod 41) then 21 divides hz . 
We should mention that other results on factors of h,+ have recently been 
obtained by Kubert [7] and by Cornell and Rosen [3]. 
1. LARGE CLASS NUMBERS 
LEMMA 1. Let K/Q be a cyclic cubic extension and let L/Q be quadratic. 
The class number h(KL) is di~isjb~e by h(K) h( 1;). 
Proof Let H, and H, be the Hilbert class fields of K and L, respec- 
tively. Since H,/K is unramified, all primes of Q must have ramification 
index 1 or 3 in H,, and similarly, all primes have ramification index 1 or 2 
in H,. Therefore all primes of Q are unramified in H, n H,, so 
H, n H, = QJ. Therefore 
[H,H,: C?] = [HK: QltH,: ‘Ql 
so 
[H,H,: KL] = [HK: K][HL: L]. 
Since H,H,/KL is unramified abelian, the result follows. 
LEMMA 2. Let p be prime and let Q({,)’ = Q(cos 2n/p) be the maximal 
real subfield of Q([,,). The class number of any subfield of Q(i,)’ divides the 
class number h,+ of Q(c,)‘. 
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Proof. This well-known result follows from the fact that Q(i,)‘/Q is 
totally ramified, so the class field of an inte~ediate field does not collapse 
when lifted to a([,)+. 
Let p- 1 mod 12. Then Q([,)” contains the quadratic subfield Cl(&) 
and also a cubic subfield. 
The idea will be to make the class numbers of these two subtields large 
and then put them together via Lemmas 1 and 2. Since cubic class numbers 
are more difficult to compute than quadratic class numbers, it is convenient 
to start with a family of cubic fields which is known to produce large class 
numbers and then look at the corresponding quadratic fields. 
The “simplest cubic fields” of Daniel Shanks [ 121 provide a suitable 
family of cubic fields. Let a be an integer and let p be a root of 
x’--aP-(a+3)X-1. 
This polynomial is irreducible and has discriminant (az + 3a +9)'. The 
other roots are 
-1 Pfl 
PSI 
and -- 
P ' 
It can be shown that (p, p + 1 > is a fundamental system of units for Q(p), 
so the regulator is given by 
R=log21pl-logipl loglp+lI-t-log21p+ll. 
If 0 = f arctan(~/(2~ + 3)) then we may obtain a root p by 
p=f(2&GGz coso-l-a). 
It follows easily that 
R=log*a+- z 
3 loga+O loga 
a i j a . 
Now assume P(a) = a2 f 3a + 9 is prime. Then P(a)’ is the discriminant of 
Q(p). The analytic class number formula implies that 
where x and j are the non-trivial Dirichlet characters associated to Q(p). 
As Shanks points out, 2 and 3 are cubic non-residues mod P(a), 5 is a 
cubic residue if and only if a z 1 (mod 5), and 7 is a cubic residue if and 
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only if a = 2(mod 7). This decreases the value of L( I, x) somewhat. A rough 
mean estimate for h is then given by 3P(a)/35 log’ u. 
Suppose a z 0 or 1 (mod 4). Then P(a) = 1 mod 12, so we may consider 
the real quadratic field Q(m). Its class number has the possibility of 
getting as large as P(u)“~ ‘; in particular there should exist values of a 
f---- such that the class number of CP(g P(a)) IS significantly greater than 
35 log’ a/3. Lemmas I and 2 then yield /I,* > p for such p = P(a). 
A computer search showed that for u = 106253, P= P(u) = 11290018777 
is prime and the quadratic field has a small fundamental unit (regulator = 
52.5323751, hence a large class number. An estimate of the Euler product 
for the L-series at 1 showed that the class number should be around 2700. 
Daniel Shanks, using his algorithms for composition of quadratic forms 
[ 131, showed that the order of the ideal class of a prime above 2 is 2685. 
so the class number is 2685 (more precisely, an odd multiple of 2685. it 
could be computed exactly with a moderate amount of calculation, but 
2685 is large enough for our purposes). 
We now need a precise estimate on the class number h of the cubic field. 
This of course means estimating the L-series. Let X((J) = -2 if q is a cubic 
residue mod P, and c(q) = + 1 if q is not a cubic residue. Then 
A computer calculation shows that 
n q2 
y<3~(yJo 1 +4q)q+q2 
= 0.294016. 
We shall show below that if the Generalized Riemann hypothesis holds 
then 
n q2 y>>3~oorJ 1 ddq+q2 > 0.68853. 
Therefore 
Lemmas 1 and 2 yield 
h; > (1.01447) P. 
This proves Theorem 1. 
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We now give the estimate on the tail of the Euler product. The usual 
calculation shows that for y > 300000 
1% fl cl2 y,?‘l +wq+q2 
= - 1 $J+& /a/ <0.00002. 
y> I 
Let 4)=C,,, E(q). It follows from the effective version of the Chebotarev 
Density Theorem of Lagarias and Odlyzko (see Oesterle [ 1 t ] ) that if the 
Generalized Riemann Hypothesis is true then 
IA(t)1 <; Ji 2(logP) '+ i (n ~)+3(~+2)I. t32, 
G c(t) $” log 4 
where c(t) is monotone decreasing. Therefore 
For Y = 300000 we obtain 
t: q2 y,y 1 +wq+q2 >0.68853, 
as desired. 
Of course, it is probably safe (and more accurate) to estimate the above 
product (q > 300000) by 1, which yields the approximate estimate 
h; > (1.47) P. 
Another example which probably works is a = 102496, 
P(a) = 10505737513. The class number of the quadratic field is 
approximately 900. The L-series L( 1, x) L( 1,X) is approximately 0.66. This 
yields h; > (1.1) P. However, this example would require a sharper 
estimate on the tail of the Euler product, hence a calculation of many more 
factors in the Euler product, so we have not carried out the full com- 
putation. 
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We now turn our attention to quartic fields. Observe that the roots of 
the cubic equation considered above are 
1 
p, -- and P-t1 
P+l 
--> 
P 
which are obtained by starting with p and applying the matrices 
The matrix (y ;‘) is of order 3 in PGL,(Q)=Aut(Q(X)). A matrix of 
order 4 in PGL,(Q) is (t -t ), so we consider 
These satisfy an equation of the form 
f(X)=X4--.X3-6A?+aX+ 1 =O. 
Conversely, suppose CIE Z, a #O, f3. A straightforward calculation shows 
that f(X) is not the product of two quadratics. Since it has no rational 
roots it must be irreducible. If p is a root then all roots are given as above. 
Since f(O) > 0 >f( 1 ), all roots are real. Therefore the field Q(p) is a totally 
real cyclic quartic field, analogous to the “simplest cubic fields” considered 
above. These quartic fields have also been studied by Gras [4, p. 151. 
Let y=p- l/p. Then y2-ay-4=0, so 
Therefore Q(p) contains the quadratic field a(,/=). 
The discriminant of Q(p) may be computed as follows. Since 
p2-yp-l=O, the relative discriminant of Q(p)/Q(&?%) divides 
y* + 4. By a standard formula relating discriminants in towers [ 10, p. 148 J, 
we find that the discriminant of Q(p) divides 
(a2 + 16)2 N(y2 + 4) = 4(a2 + 16)3, 
where N denotes the norm from &8(,/a” -t- 16) to Q. 
Suppose now that a2 + 16 is square-free except for powers of 2. There are 
three non-trivial Dirichlet characters corresponding to Q(p). Call them x, 
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$, $, where 1 is quadratic and $ is the complex conjugate of $. The 
conductordiscriminant formula says that the discriminant of Q(p) equals 
where f denotes the conductor. If p is an odd prime dividing a2 + 16, then 
p ramifies in O($%%), so p 1 f,. Since Q(p)/Q is cyclic, the 
ramification starts at the top; hence p is totally ramified, p 1 f$, and p3 
divides the discriminant. Therefore the discriminant, modulo powers of 2, is 
(a’+ 16)3. 
Suppose a is odd. Since a2 + 16 = 1 (mod S), 2 jfX. If 2 divides f$ then 4 
divides fti (this is true for any conductor), hence 16 would divide the dis- 
criminant, which is impossible. Therefore the discriminant is (a2 + 16)3. 
(We would like to thank H. W. Lenstra for parts of the above argument.) 
We note that if a is even then 2 ramifies in Q(p): Since a is even, 
(p- l)‘%p4+ 1 =f(p)=O mod 2. Therefore there is a prime ideal b above 
2 such that fi divides p - 1. Let y be as above. Then y = ((p - l)* + 
2(p - l))/p. Therefore p’ divides y. Let j denote the conjugate of y. Since 
y + j = a, +Z divides y, hence b3 divides yj = -4. It follows that p ramifies. 
Since ramification starts at the top, 4 divides fti and 16 divides the dis- 
criminant of Q(p). 
Our main interest in Q(p) is that we can explicitly give a system of 
independent units, er bound on the regulator. Let F be the 
fundamental unit of Q( We claim that the units 
are independent. Suppose not. Then there exist b, c E Z such that 
-1 ‘ 
l]=pb P ( 1 P+l E Q(JZ). 
Since q must be invariant under p H -l/p, 
C-1) b+cCP2b 
Since the right-hand side is the square of a real number, (- l)b+c = 1. 
Applying the automorphism pt+ (p - l)/(p + l), we obtain 
l= P-l 2b 
c-1 
-2c 
p+l p . 
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When combined with the previous equation, this yields 
P 
37’ + 2c? = 1, hence b=c=O. 
This proves the claim. 
An easy calculation shows that the regulator 
If we take p to be the largest root of f(X) then (if a>O) 
P' 
y+pGf 
2 
with 
Therefore p-a and (p - 1 f/(p + 1 )- 1 for large in. We obtain 
Let q be the index in the full group of units of the group generated by 
(Itl,p,(p-l)/(p+l),s}.Thenq=l or2[4,p.l7]and 
R-t (log’ a) log E, 
where R is the regulator of Q(p). Let h and d denote the class number and 
discriminant. The analytic class number formula yields 
,A;;-, q 
8 v log% log& UL xl Ul, $1 Ul,da. 
If a is odd and CZ’ + 16 is square-free, then we have 
h-(a’+ 16) * L(1, $) u1, $1 A’, 
where h’ is the class number of C&J=). This is essentially the same 
asymptotic estimate as in the cubic (i.e., sextic) case. Presumably, the fields 
Q(p) could therefore be used to find examples of hi > p, with p = a2 + 16, 
though a limited search did not yield any. 
Now suppose a =4b with b even. Then O(&?%)= Q(,,/bx). If 
bZ + 1 is square-free then 16(b” -t 1)3 divides the discriminant, which 
divides 4(a2 + 16f3 = 214(bZ + 1)“. Which power of 2 we get will not concern 
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us. If follows that Q(p) is contained in ~(~~*~~~z+ ,))+. The fundamental 
unit of Q(JF7-i) is 
E=h+v/h’i;ZT1, 
so 
R--t log3 h. 
4 
By the Brauer-Siegel theorem, 
1 1oghR logh+log((l/q)log3h) N-N 
1% J’i (3/2~log~~*+ 1) . 
Given 6 > 0, we may therefore choose 6, such that 
h > (j* + 1 )3/l - 6 for b>bh,. 
We now want to lift to the real cyclotomic field, but we must estimate 
how much of the class field collapses. This is most easily done as follows. 
By a result of Iwaniec [6], there are infinitely many b such that b2 + 1 is 
either prime or a product of two primes. Choose such a h and suppose 
b2 + 1 = pq (the prime case is similar). The field Q(p) is contained in 
Q(i,f’> with n = 12&q. Let H be the Hilbert class field of Q(p). Then 
fff-3 Q(L) + is an unramified extension of Q(p) which is abelian over Q. 
The maximal such extension is obtained by taking subtields of degree 4 in 
each of Q(cP), a([,), and C!J(~,,~), and then taking the compositum (this 
follows from looking at Dirichlet characters; see [ 15, p. 231). Therefore 
[HnQ([,)+: Q(p)] < 16. A factor of at most 16 is lost when H is lifted to 
Qfi,,)‘. Consequently, if b > ha is as above, 
h,+ 2-Lb>‘(b*+ 1)‘“-” 
16 
> LJ -3/2$/2-h. 
Since there are infinitely many such n, Theorem 2 is proved. 
In the above we used cubic (or sextic) and quartic fields corresponding 
to elements of finite order in PGL,(Q). Since there are no elements of order 
5 in this group, the above constructions do not generalize in an obvious 
way to yield quintic fields with small regulators, hence with large class 
numbers. As pointed out in the Introduction, such fields would be useful. A 
small regulator woutd allow a class number around p’-‘, by the Brauer- 
Siegel theorem. Since there seems to be no canonical factorization of the 
class number in this case, there could possibly be prime factors at least as 
large as p. 
As we mentioned in the Introducton, Moser has proved that all prime 
factors of the class number are less than p for the quartic and sextic sub- 
fields of Q([,)‘. This happens because the class group has a large con- 
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tribution coming from proper sublields. Serge Lang pointed out to us that 
one should look at the “newclass group”, that is, the class group of a field 
modulo the subgroup generated by proper subfields. Masley’s question 
should then be replaced by “Does there exist a subfield of (sa([,)’ with 
newclass number at least p?” Quintic fields would be the natural place to 
look, since then the newclass number is the same as the class number. 
2. CLASS NUMBER FACTORS 
Let K be a real quadratic field, let 6 be its ring of integers, and let p and 
q be odd primes which split in K: (p) = jfi’, (q) = aa’. Let H be the Hilbert 
class field of K and let H,, be the ray class field for the modulus &. Class 
field theory implies that 
GaW,,lW = (ol;lzg, lx IWE,,)9 
whereE=O” andE,,=(~~Ej~~l(mod&)j.ThelargestE/Efi,canbe 
is (Z/2h) x (cyclic). Since pq is odd, it must be at least Zj2Z. Since 
(Ol#q) x = (O/b) x x (O/a) x 
is the product of cyclic groups of order i?;pi - 1 = p - 1 and ?v’a - 1 = q - 1, 
we find that 
gcd ($, 9) divides [H,,: N]. 
Similarly, let K be imaginary quadratic, K # Q(G), Q(G). Let 
(p) = Fiji in K. We find that 
p-i 
7 divides [H,: H]. 
If M&/z) or Q(n), then we obtain that (p - I)/4 or (p - I f/6 
divides [H,: H], respectively. 
Let H,, (or Hb) be as above and let L, with Kc L, be a subfield which 
is Galois over Q. Since #z’ is unramified in L/K, so is p. Similarly for 9. 
Therefore L/K is unrami~ed, so L & H. In particular, H,, n &pub c H, where 
Q”’ is the maxima1 abelian extension of 6$. 
ABHYANKAR'S LEMMA. Let L, and Lz be finite Gal& extensions of a 
n~ber field K. Let fi be a prime of K with raml~cat~on index ei in L,/K, 
i= I, 2. Suppose L,/K is tamely ramified and that e, divides e2. Then 
L, L,/L, is unramified at all primes above fi. 
CYCLOTOMIC FIELDS 271 
Proof See [2]. 
Let L1 = Hfig (or H,) and let L = Lz be any abelian extension of Q con- 
taining K(c,,) (or K(5,)). S ince b has ramification index dividing (p - 1)/2 
in H,,/K and since #Z has ramification index (p - 1)/2 in K(I,,)/K, the 
lemma applies. Therefore LH,,/L is unramified and abelian. Since 
H,, n L E H, we find that [H,,,. . H] hence gcd( (p - 1)/2, (q - 1)/2) divides 
h(L). Similarly, (p - 1)/2 divides h(L) when K is imaginary quadratic. 
Suppose for example that n = pq with p = q E 3(mod 4), and p > q > 7. 
Quadratic reciprocity implies that either p splits in Q(G) or q splits in 
Q(G). Let L= a([,,), which contains both quadratic fields. Then either 
(p - 1)/2 or (q - 1)/2 divides h,. In particular, h, > 1. If both p and q are 
l(mod 21) then 1 divides h,. Since h, divides h, if n divides m [ 15, p. 991, 
we find that if m contains two distinct prime factors >7 and 3(mod 4), 
then h, > 1 (since hz, = 1, the restriction is needed). An extension of these 
techniques yields the following. 
THEOREM. (a) Let 1 & 2(mod 4). Suppose n is divisible by 4 distinct 
primes congruent to 1 (mod I). Then 1 (if I is odd) or l/2 (if I is even) divides 
4 = 4Q(i,)). 
(b) (Musley) Suppose n f 2(mod 4) is divisible by 4 distinct primes. 
Then h, > 1. 
Proof: We may assume for simplicity that n equals the product of the 
four primes in question. If n contains two primes z 3(mod 4) and > 7 then 
we are done by the above. Assume for the moment that (n, 6) = 1. This is 
always the case for part (a). Then we may assume that n = p, p2 p3 p4 with 
at most one of the pi congruent to 3(mod 4). Therefore 
($=(@J for all i#j, 
by quadratic reciprocity. Since - 1 is a square mod p if p = l(mod 4), it 
follows easily that pi splits in a(&) if and only if pj splits in Q(G), 
where + pi = -tpj = 1 (mod 4). 
Consider the matrix 
Pl P2 P3 P4 
Pl X 
P2 X 
P3 X 
P4 X 
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Put a “+” in the (pi, pj) square if pi splits in a;S(JG), and a “-” 
otherwise. The above shows that the matrix is symmetric. If there are two 
-t’s in a column then we are done, by the discussion at the beginning of 
this section. Therefore assume that each column has at most one +. Sup- 
pose there is a -+ somewhere in the matrix, say in the (pi, p2) square. By 
symmetry, there is a + in the (pz, pi) square. Therefore there must be --‘s 
in each of the four squares in the lower left corner. This implies that both 
p3 and p4 split in C$(dzi), so again we are done. If every entry in the 
matrix is -, then p3 and p4 split in Q(JG). This completes the proof 
if (n, 6) = 1. In particular, the proof of part (a) is complete. 
We now must consider the situation with (n, 6) > 1. As before, we may 
assume that at most one prime 27 is 3(mod 4). We divide the argument 
into two cases. 
Case I. 2 divides n. Let p, = 2. At least two of the other factors must be 
2 5; call them p2, p3. We may assume p2 3 l(mod 4). We have the follow- 
ing matrix: 
4 P2 P3 
2 
P2 
P3 
X 
~ 
+ X 
X 
If p2 > 5, then(pz - I)/4 > 1 and p2 splits in Q(e), which suffices to 
yield h, > 1. Therefore, assume pz = 5. If p3 = l(mod 4), the same reasoning 
applies, so assume p3 5 3(mod 4), hence there is a - in the (p3, 4) square. 
If there is a - in the (p3, pz) square then p3 splits in the imaginary field 
4Zl(,/q), which suffices. Therefore assume there is a + in the (p3, pr) 
square. Quadratic reciprocity puts a + in the (p2, p3) square. Con- 
sequently pz splits in the imaginary field Q(G), so we are done. 
Case II. 2 does not divide n, 3 divides n. At least one prime factor is 
greater than 7; call it p2. If there is a + in the (p2, 3) square, then p2 splits 
in Q(G) and (pz - 1)/6 > 1. This implies h, > 1. Therefore assume there 
is a - in that square. Suppose first that p3 G p4 z l(mod 4). If the (pz, p3) 
square contains - then p2 splits in Q(G) and we are done. Therefore 
assume it contains +. Similarly, we may assume the (p2, p4) square con- 
tains + . Quadratic reciprocity implies that p3 and p4 split in Q( ./G), so 
we are done. Now assume that ‘p3 z 3jmod 4), p4 z l(mod 4). If 
pzz 3(mod 4) we have two primes 3(mod 4), so we are done. Therefore 
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assume p2 3 l(mod 4). Since p4 = l(mod 4), it cannot split in Q(o) 
unless p4a 13, which yields (p4- 1)/6> 1, hence h, > 1. We therefore 
assume there is a - in the (p4, 3) square. If there is a - in the (p4, p2) 
square then p4 splits in Q(G) an d we are done. So assume this square 
has a +. If there is a + in the (p4, p3) square, p4 splits in Q(G) and 
we are done. So put a - in that square. Similarly, there must be a - in the 
(p2, p3) square. But this means that p2 and p4 split in Q(a), which 
again yields h, > 1. This completes the proof of the theorem. 
COROLLARY. Let I be a positive integer. rf n has j&r distinct prime fac- 
tors congruent to l(mod 41) then 21 divides h,+ . 
ProoJ: In the proof of the theorem in the present situation, all the 
relevant quadratic fields are real, so the same proof works. Note that 
Q([,)/Q([,)’ is unramitied at the finite places, so the ramification index of 
Q(i”) + over the relevant quadratic field is still (p - 1)/2. Hence 
Abhyankar’s Lemma still applies. 
Of course, the above techniques can be used to obtain many similar 
results. For example, if n = pqr is the product of three distinct primes con- 
gruent to l(mod 41) and (+)= (:)= 1, then 21 divides h,+. 
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